Introduction.
Fejér has shown f that the Fourier development corresponding to a function f ( x ), of period 27r, will be summable \ to the value H/(» + 0)4-/(»-0)] at all points at which the function f(x)
is continuous or has a finite jump, if f(x) is finite and integrable or even iff(x) becomes infinite at a finite number of points, provided it remains integrable.
He has further shown in the article referred to that the development is uniformly summable throughout any closed interval which does not include a point of discontinuity of the function. He has used these properties in connection with a general theorem about convergence factors to establish the fact that the formal results obtained in the discussion of many problems in Mathematical Physics which involve the development of an arbitrary function in a Fourier's series really furnish a solution of the problem, even when the development of the function is a divergent series.
Fejér's idea of investigating the nature of the divergence of a development of an arbitrary function in terms of normal functions and then applying general theorems about convergence factors to determine the behavior of the series when such factors are introduced, can be applied to many other developments that occur in Mathematical Physics.
The present paper is devoted to a study, from this point of view, of the developments in terms of Bessel functions.
Although the formal work of obtaining the development of an arbitrary function in terms of Bessel functions goes back to Fourier, the rigorous discussion of the conditions under which the development is convergent has not made equal progress with that discussion in the case of the ordinary Fourier's series. This is doubtless due to the less elementary character of the functions involved [October and to the fact that the formula? in the case of the Bessel functions are considerably more cumbersome.
As far as I am able to learn the first and almost the only satisfactory investigation of the convergence of the development to the value of the function developed is due to DiNi, * Kneser has discussed,! from the standpoint of integral equations, the convergence of the development in terms of J0, and has stated that similar methods will apply to the developments in terms of /" where v > 0. A number of other discussions of the convergence of the development have been published, but I do not know of any treatment, besides those mentioned, in which the reasoning is complete.
The discussion of the summability of the development, given in this paper, is analogous in its general outlines to the discussion of the convergence given by Harnack.J Harnack's treatment is not adequate but his method is suggestive. §1. Distribution of the roots of an equation involving Bessel functions.
We wish to discuss in this section the distribution of the positive roots of the equation (1) lXFv(X) + hJv(X) = 0,
where Jv(X) represents a Bessel function of the vth order, v is a constant positive or zero, and h and I are any constants not both zero. We find it convenient to consider first the following trigonometric equation k (2) C0S(X-a) + r-sin (\ -a) = 0 ( k, a constants ) whose roots will be found to approximate to the roots of equation (1) Since, in view of (4), cos (X -a) steadily increases from 0 to J \/Z and sin (X -a) steadily increases from -1 to -\ while \ increases from X0 to \ + i77"' i* follows that the expression on the left hand side of equation (2), which is negative for X = \0 and, in view of (5), is positive for X=XQ+ ^tr, must vanish at one and only one point in the interval X0 = X = X0 4 %-rr. Moreover, this expression is always positive in the interval X0 4 \ir = X = X0 + tt, and hence equation (2) The inequality (8) has been derived under the assumption that X0, the root of cos (X -a) = 0 that immediately precedes X^, is such that sin (X0 -a) = -1 and the inequality (5) is satisfied.
The first restriction was made for definiteness and the proof of formula (8) can be carried through in a similar manner if (4) is replaced by (4') cos ( XQ -a ) = 0, sin ( X0 -a ) = 1.
Moreover, since there are only a finite number of positive roots of equation (2) lying in the interval 0 < X < X0 where X0 is the least value of X0 satisfying (4) and (5), or (4') and (5), we may choose Fx > 4irk and such that the inequality (3) is satisfied for all positive roots of (2) that are less than XD. Hence, in view of (8) The proof for the case where k < 0 is quite analogous, the principal difference being that the successive roots of (2) come before instead of after the corresponding roots of cos (X -a ) = 0 to which they approximate.
We will consider next the equation Lemma 2. Corresponding to each root X'm of equation (2) there is a root Xn of equation (9) or if we take AX < \tr so that
Moreover, in view of (13),
and since sin (x; 4 AX-a) -sin (X'm-a) = AX cos (X^ 4 (9, AX -a) (o<0, <1),
we have from (13) k AX (14c) yr-|sin(x; + AX-a)-sin(x;-a)|<-g-.
Combining (14) with (14a), (146), and (14c), we obtain
If now we choose AX so that 4ü!f 7T In a precisely similar manner it may be shown that (18) cos(X'm -AX-a)+ _Axsin (X'm -AX -a) + e(X'm -AX) < 0.
It follows from (17) and (18) that equation (9) has at least one root in the interval X' -AX < X < X' 4 AX.
If we represent such a root by \n> we have from (16)
The inequality (19) has been derived under the assumption that X", the root of cos (X -a) = 0 that immediately precedes X^, is such that sin ( X0 -a) = -1 and the inequalities (13) are satisfied.
The first restriction was made for definiteness and the proof can be carried through in a similar manner if (12) is replaced by (12') cos(X0 -a) = 0, sin(X0 -a) = 1.
Moreover, since there are only a finite number of roots of equation (2) lying in the interval 0 < X < X0 where X0 is the least value of X0 satisfying (12) and (13), or (12') and (13), we may choose F2 greater than 9J2and such that the inequality (11) is satisfied for all the positive roots of (2) that are less than X0, provided we choose as the Xn corresponding to each X'm that root of (9) which lies nearest to X^. Hence we have, in view of (19), , F,
and the lemma is proved for the case of k > 0 . The proof for the case of k < 0 is quite analogous, and for k = 0 the proof is simpler. We will now show the relationship between equation (9) and equation (1) by proving the following lemma:
Lemma 3. The positive roots of any equation of the form (1) are the same as the positive roots of a corresponding equation of the form (9).
We obtain easily from the asymptotic expansion of J"(X)* + -i-s,n(x-ZL-v\ + e¿\)=0 (ma)|<4&).
Hence, however small the positive quantity 8, all the large roots of (24) lie in the intervals (27) 2* + 1 7T , -J-7T + g 4 Ä7T -X <S (* = 1,2,--).
Since the distance between two successive roots of (24) approaches tr as its limit, it is clear that one and only one of these roots lies in each of the more distant of the intervals (27).
Precisely the same reasoning applies to the roots of the equation / 2* 4 1 \ 1 -4*2 . / 2* 4 1 \ "
since the distance between two successive roots here also approaches it as its limit, as we see from Lemma 1. Hence all the large roots of (26) coincide very nearly with the large roots of (28) and vice versa.
Let us now denote by X'n that positive root of (28) which nearly coincides with the large positive root Xn of (26).f Consequently X^ > C'n. By this inequality and Lemmas 1 and 2 we have for all large values of n
For these large values of n we therefore have vol. 1 (1836), pp. 174-175. fNotice that \ is not necessarily the nth positive root of (28). However, Xn and An+, are successive positive roots of (28), and this is all that is essential.
If then we take A"> 22T2 + F\, we see that the second inequality (23) is established for all large values of n.
It is clear that F may be increased so that it will also hold for the smaller positive values of ».
Thus our theorem is proved when I = 0 .
Passing now to the case I =\= 0, we note first that by a theorem of Sturm * between two successive roots of (24) there lies one and only one root of (1). From this, together with the fact that the first inequality (23) holds when 1 = 0, we infer at once the truth of this formula when I + 0.
Reasoning now on equation (22) precisely as we reasoned above on (26), we see that however small 8 may be chosen, all the large roots of (1) 
also all lie in the intervals (29) is obvious ; that one and only one of them lies in each of these intervals follows from the fact that the distance between two successive roots approaches -it as its limit, as we see from Lemma 1. Hence all the large roots of (30) coincide very nearly with the large roots of (22).
From here on the reasoning is identical with the reasoning in the case 1=0; and our theorem is established.
Corollary. If we represent by X,, X2, X3, • • • the successive positive roots of equation (1) AT , AT n 2F dx =-zr =-( n | x2 n n -1 n Hence if we take q = qx + X, --it, and L = 2F sufficiently large to satisfy the inequality (31) for n = 1, the truth of our corollary follows. § 2. Summability and uniform summability of the development of an arbitrary function in terms of Bessel functions.
We begin this section with a definition of summability and uniform summability and the statement of a few general facts with regard to summable and uniformly summable series.
Definition. Ifux(x), u2(x), ■ • ■ are functions of x, and we let if Sn(x) approaches U(x) uniformly throughout a certain interval, the series is said to be uniformly summable.* It is a well known fact that every convergent series is summable, and every uniformly convergent series is uniformly summable, to the values to which they are convergent or uniformly convergent, respectively, but that the converse is not true.
Moreover, the sum of any two summable or uniformly summable series is summable or uniformly summable, respectively, and its value is equal to the sum of the values of the original series.
We will now proceed to establish some sufficient conditions that the series
where X,, X2, ••• are the successive positive roots of equation (1), should be * The term summable is often used in other more general senses. With these we shall not be concerned in this paper. summable at every point of the interval 0 < x < 1 at which the function f(x), which appears in the formulae for the coefficients, is continuous or has a finite jump, and should be uniformly summable throughout every closed sub-interval lying within an interval of continuity ofy(ic).
The series (35) is the ordinary formal development of an arbitrary function f (x) in terms of Bessel functions. We begin by proving two lemmas. Lemma 4. If we represent by X,, X", • • • the successive positive roots of equation (1), then the series
where a is any constant, will be absolutely convergent, provided cb(x) is finite and integrable.
Using the Law of the Mean and the corollary of Theorem I we obtain the formula If1.
rl
where Lx is a positive constant. We may therefore write 11 r1
But by Theorem I
-"i ^ -^i nX"^ C7"7i1+p' n and hence the series whose general term is the first term on the right hand side of (37) is convergent. If now we can show that the series which has for its general term the second term on the right hand side of (37) is convergent, it will follow that the series (36) is absolutely convergent.
* We have taken the sine as the trigonometric function appearing in the integrand.
That the lemma holds equally well for the cosine is seen by making the change of variable a = a' --We have (38) I <b(x) ain {(n-K + q)x-a) dx = un + vn where un= I cb (x) coa (qx -a) ain n-n-xdx, vn= I cb(x) ain (qx-a)coan-irxdx.
Jo Jq
These quantities un and v ave constant multiples of Fourier's constants belonging to the functions <b(x) cos (qx -a) and cb(x) sin (qx -a), respectively. Therefore, since these functions are finite and integrable, it follows from a theorem due to de la Vallée Poussin that ±<t i< n=l «=1
are convergent.* Hence the series
are convergent, f But we have from (38) and Theorem 1 1 I r1
Since the two series in (39) are convergent, it follows from (40) that the series whose general term is the left hand side of (40) is convergent, and our lemma is proved.
Lemma 5. If the general term of the series (35) is written in the form 2 r1 ,--= cos ( qx -a ) cos n-rrx I y xf( x ) cos ( qx -a ) cos n-rrx dx yx Jo (41) 2 Cl will be uniformly summable and its terms will be continuous in the interval (43) 0 Si a; = 1.
It is obvious that it will be sufficient to prove only the second part of the above lemma, since the first part is an immediate consequence of the second. We will show then that the facts stated hold with regard to the series whose general term is va(x), and it will follow at once that the facts stated hold also with regard to the series whose general term is vn(x).
In view of the asymptotic expansion of J~r(X) [see equation (20)] we may write
where A and a are constants and we use i}r(X) to represent any function of X that is continuous for all positive values of X, remains finite for all such values of X, and approaches a finite limit when X approaches zero. It is obvious from this definition that in different formulas, and even in different parts of the same formula, -ifr ( X ) may have a different meaning.
If we set Xx = y we obtain
But we have*
and hence we obtain from (44) and (45) 
X increases indefinitely.
It is apparent from this definition that a ^(X) is always a -<Y*X ( X ), but that a yfrx ( X ) may not be a yjr ( X ).
Turn now to the numerator of the fraction in (35). If we use c to denote any constant lying in the interval 0 < x < 1, and set Xx = y, we obtain for X>c (47) £Xf(X)JÁXx)dx=l2£yf^yÁy)dy=±Ap.
Moreover, we have from the asymptotic expansion [see equation (20)]
From (48) we obtain
Combining (47) and (49) we get /»i a rl -
Hence, for the general term of (35) we obtain by combining (44), (46), and (50)
where
If we subtract from the right hand side of (51) the two terms 2 rl -
the quantity we have left may be written in the form (54) élitÁhl 2X_t" X2
where ^(a;, X) is used to represent any function of x and X which for all fixed values ofXis continuous in the interval (43) and which remains finite when X increases indefinitely and x varies in the interval (43).
We have now broken up the general term of the series (35) into the sum of the three expressions (52), (53), and (54).
It is obvious that (53) and (54), when each is multiplied by x% and properly defined * for x = 0, are continuous in the interval (43); we shall show further that each of these expressions when multiplied by x% forms the general term of a series which is uniformly summable in that interval.
Then we shall prove that if we subtract from (52) a number of expressions which when multiplied by x3 and properly defined for x = 0 are continuous in the interval (43) and form the general terms of series that are uniformly summable in that interval, the expression we have left will be equal to the sum of the first and second terms of (41).
Our lemma will thus be established.
We will begiu with the proof that (54) when multiplied by a;3 forms the general term of a series that is uniformly summable in the interval (43).
For values of X so great that^4 X'
where the -*}rx(X) occurring in this inequality is the same as the ^¡rx(X) in the denominator of (54), the expression (54) when multiplied by x* is less in absolutevalue than * I. e., defined to have the value it approaches when x approaches zero. ÍX[\fAy¡r(Xx) xy¡r
is finite and integrable in the interval 0 = x = 1 it follows from Lemma 4 and the first inequality in (23) that the series whose general term is (55) is absolutely and uniformly convergent and therefore uniformly summable in the interval (43).
We will now show that (53) when multiplied by x? is the general term of a series that is uniformly summable in the interval (43).
If we set M = 2A'/A, ■(53) when multiplied by x* becomes
where we define E(x)=-^^} (cSx^l), 2^(x) = 0 (0Sx<c), yx and hence it follows from Lemma 4 that it is the general term of a series that is absolutely and uniformly convergent and therefore uniformly summable in the interval (43).
We have next to examine the series whose general term is the first term in (56).
It follows from the corollary of Theorem I that
In a similar manner we may also obtain from (57) n f(x, XJ License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
By the use of (58) and (59) which is easily seen to be the general term of a series that is absolutely and uniformly convergent, and therefore uniformly summable in the interval (43), we obtain the expression ,_..
If now we can show that the series which has (61) as its general term is uniformly summable in the interval (43), we shall have proved that the series which has (53) multiplied by x} as its general term is uniformly summable in that same interval. By a familiar trigonometric formula, (61) reduces to the form
which, if we set F= M/2tt, may be written in the form 
In an analogous manner we obtain for the series
In view of (64) (n + 1) sin;
In an analogous manner we obtain for the series (65) by use of the relation (66) the same inequality (67).
If now we represent by sn(x) the sum of the first n terms of the series whose general term is the first term in (62), we obtain by means of (67), for all values of x in the interval 0 < x = 1, the inequality LA*'). 
where Fx is a positive constant. For x = 0 the last inequality obviously holds, since each term of the series we are discussing is equal to zero.
Hence it follows that the series whose general term is the first term in (62) is uniformly convergent and hence uniformly summable in the interval (43).
In a precisely analogous manner we may establish by use of the relation (67) the fact that the series whose general term is the second term in (62) is uniformly summable in the interval (43).
We will consider next the series whose general term is the fourth term in (62).
If we represent by sn(x) the sum of the first n terms of that series we have, in view of (67),
•■)
for all values of x in the interval (43), F2 being a positive constant. Hence the series whose general term is the fourth term of (62) is uniformly convergent and therefore uniformly summable in the interval (43).
We have finally to consider the series whose general term is the third term in (62).
This term may be written in the form t^ r°f(x') ,ainmr(x -x) , , Ex cos qx I _ cos ox-5-dx
+ Fx sin qx I sm qx-s-dx . Jc yx n V By means of an integration by parts we may reduce the first term of (68) to the form sin n-rrx f°f( x) , 7 , Kx cos qx-I ,-cos qx dx (69) n X Vx where we have set Fx cos qx Í F(x') cos n-ir(x -x')dx , For x = 0 the last inequality obviously holds, since each term of the series that we are discussing is equal to zero.
Hence it follows that the series whose general term is the first term in (69) is uniformly convergent and therefore uniformly summable in the interval (43).
Let us now consider the series whose general term is the second term in (69).
If we set (71) un(x) = I %(x') cos mr(x -x')dx, where
X(x') = 0 (C<>'<2), the second term of (69) may be written in the form (73) -ttFx cos qxun( x ).
However, it follows from (71) that u(x) is the general term of the Fourier development corresponding to the function %(x), and since we know from (72) and (70) that x(x) ls finite and integrable in the interval 0 = x=2, it follows from Fejér's work* that for the series whose general term is un(x),
where Sn(x) is defined as in formula (34) and N is a positive constant. If now e is given, positive and arbitrarily small, we have from (74) for the series whose general term is (73) or the second term in (69), (75) \Sp ( Hence we may choose m so large that we have for the latter series, (76) \Sp(x)-Sn(x)\<e (p>»i£m;¿5iz<l).
Combining (75) and (76), we see that the series whose general term is the second term in (69) is uniformly summable in the interval (43).
Since both the terms in (69) are the general terms of series that are uniformly summable in the interval (43), it follows that the series whose general term is the first term of (68) is uniformly summable in that interval.
In an entirely analogous manner it may be shown that the series whose general term is the second term in (68) is uniformly summable in the interval (43), and hence it follows that the series whose general term is (68), or the third term in (62), is uniformly summable in that interval.
We have now shown that each term in (62) is the general term of a series that is uniformly summable in the interval (43).
Hence (62), or (61), is the general term of a series that is uniformly summable in that interval and consequently, as we have pointed out before, (53) when multiplied by xä ¡s the general term of a uniformly summable series in the same interval.
It remains now to consider the expression (52). It follows from (58) that if we subtract from (52) 
V x Jo
Moreover we obtain from ( (43) and is the general term of a series that is uniformly convergent and therefore uniformly summable in that interval. The second term in (79) when multiplied by x* and properly defined for x = 0 is obviously continuous in the interval (43) ; that it is also the general term of a uniformly convergent and therefore uniformly summable series in that interval may be seen by referring to the proof of Lemma 4. It is apparent from the latter part of that proof that a series whose general term has the form 1 c1
n Jo where ef>(x) is finite and integrable, is absolutely convergent. The second term of (79) when multiplied by x? consists of a factor of the form (80) multiplied by a factor that remains finite for all values of X, and all values of x in the interval (43), and hence this term when multiplied by x^ is the general term of a series that is absolutely and uniformly convergent and therefore uniformly summable in the interval (43).
It only remains to consider the first term in (79) which may be broken up into the following sum of four terms : The first and fourth terms of (81) are identical with the first and second terms of (41). The second and third terms when multiplied by x3 and properly defined for x = 0 are obviously continuous in the interval (43) ; if we can show further that they form the general term of a series that is uniformly summable in that interval, our lemma will be completely established.
If we use x as the variable of integration, the second and third terms of (81) when multiplied by x^ may be written in the form -x | Vxf(x') sin \_q(x + x) -2a] sin ntr(x + x) dx (82) r -, , .
-x I y'xf(x') sin q(x -x) sin twt(x -x')dx'.
Since, however, Ji, . sin z -sin ( n + 1 ) z + sin nz ¿^ sin nz =-~-s-, r¿ 2 -2 cos z SÍ £sinn,z) n=X \ w=l_/ (»+ 1) sin z -sin (n + l)z n 2n ( 1 -eos z )
we obtain for the series whose general term is the expression (82) = -x rVxy(x')sin[g(x+x')-2a]^+1)SÍn7r(a;+a:,)-SÍn^+1)7r(a;-fa;,)c?x'
4ra sin2 7T -gwhere Ä (x) is defined as in formula (34).
We are going to show that as n becomes infinite each of the terms on the right hand side of (83) approaches a limit uniformly for all values of x in the interval (43) and consequently that the series whose general term is (82), or the second and third terms in (81) multiplied by x*, is uniformly summable in that interval.
Consider first the second term on the right hand side of (83). It may be written x n + 1 rlainq(x-x) ,-r", , sin 7r(x -x') , ,
-7 •-/ ---r Vx fix )-r dx 4 7Í I ^_en*. rf -nr*.
Jo s
The integrand of the integral in the first term of (84) consists of a function of x and x that is continuous in both variables multiplied into a function of x that is finite and integrable in the interval of integration.
Hence that integral defines a function of x that is continuous and therefore finite in the interval (43) , and consequently the first term in (84) approaches a limit uniformly for all values of x in the interval (43) as n becomes infinite.
The factor sin(n + l)7r(x-x') (n+ l)Vx -x which occurs in the integrand of the second term in (84) approaches zero uni- We see then that the integral in the second term in (84) Combining (87) with (86) we see that the integral in the second term in (84) approaches zero uniformly for all values of x in the interval (43) as n becomes infinite, and hence the second term itself approaches zero uniformly in the same interval.
The first term on the right hand side of (83) may be broken up into the sum of the following three integrals : In the exceptional case I = 0 they coincide more and more nearly with 2 4 a + kir.
Since, by (31), we see that Xn coincides more and more nearly with q + n-rr, it follows that according as the I of equation (1) is or is not zero, ' .x + x' aimr-sapproaches a finite limit as x + x approaches the limit 2, and hence the integrals in (88) converge for all values of n and all values of x in the interval (43).
It now remains to be shown that the expression (88) approaches a limit uniformly for all values of x in the interval (43), as n becomes infinite. The first term of that expression is independent of n and hence need not be considered further.
The integral in the second term has for its integrand the product of a function of x and x that is continuous in both variables and a function of x that is finite and integrable.
It therefore defines a continuous function of x, and consequently the second term approaches zero uniformly for all values of x in the interval (43), as n becomes infinite.
The same is true of the third term of (88). Combining (92), (91), and (90) we see that the third term of (88) approaches zero uniformly for all values of x in the interval (43) as n becomes infinite.
We have now shown that as n becomes infinite each of the terms on the right hand side of (83) approaches a limit uniformly for all values of x in the interval (43) and therefore it follows that the series whose general term is (82), or the second and third terms of (81) multiplied by xä, is uniformly summable in the. interval (43). Hence, as we have pointed out above, our lemma is proved.
We are now prepared to prove the following theorem : Theorem II.
If in the interval 0 = x = 1 the function f(x) is finite and integrable, then the series (35) will be summable at every point of the interval 0 < x < 1 at which f (x) is continuous or has a finite jump ; and will be uniformly summable in every closed interval lying in that interval which does not include a point of discontinuity off(x). Sincey (x) is finite and integrable, Vxf(x) cos (qx -a) and Vxf(x) sin (qx -a) axe finite and integrable, and hence it follows from a theorem due to Fejér* that the two series whose general terms are the first and second terms of (41), respectively, are summable at every point of the interval 0 < x < 1 at which the function f(x) is continuous or has a finite jump, these series being essentially equivalent to the cosine development and sine development, respectively, of Vxf (x)cos (qx -a) and Vxf(x) sin (qx -a). We know from Lemma 5 *Loo. cit., p. 53.
that the series which has for its general term the third term of (41) is uniformly summable throughout the interval (42), and hence, since the c of that interval is arbitrary, is summable at every point of the interval 0 < x < 1. Consequently the series (35), whose general term is the sum of the three terms occurring in (41), is summable at every point of the interval 0 <x < 1 at which f(x) is continuous or has a finite jump.
W e know further from Fejér's work * that the series having for their general terms the first two terms in (41) are uniformly summable in every closed interval which lies in the interval 0 < x < 1 and does not include a point of discontinuity of f( x ), and it follows from Lemma 5 that the series having for its general term the third term in (41) is uniformly summable in any such interval. The series (35) is therefore uniformly summable in any such interval and our theorem is completely established.
Corollary.
If we define Sn(x) as in formula (34), we have for the series (35)
where M is a positive constant. For each of the two series whose general terms are the first and second terms of (41) (93) and (94) the proof of our corollary follows at once.
Before proceeding to the proof of the next theorem, we wish to make the following convention.
Let
where vn has the same meaning as in (41), and the series is to be evaluated as a summable series. The function cb(x) we will designate as the function associated with the series (35).
It will be seen that cb(x) is thus defined at all points where f(x) is defined, whereas the series (35) is not necessarily summable at points where f(x) is discontinuous.
At points where f(x) is continuous, however, it is readily seen by a reference to Lemma 5 that the series (35) is summable to precisely the value cb(x). *Loc. cit., p. 60.
fLoc. cit., p. 60.
Theorem
III.
If we multiply the series (35) by any function %(x) that is finite and integrable in the interval 0 = x = 1, and integrate the resulting series term by term from 8 * to 1, we shall obtain a series which is summable to the value (96) ftb (x)x(x)dx Js where cb(x) is the function associated with the series (35). Since the series whose general terms are the first and second terms of (41) differ from Fourier developments of finite and integrable functions only by factors which are continuous functions of x in the interval S = x = 1, we know from a theorem due to de la Vallée Poussin f that we can multiply each of them by any finite and integrable function %(x) and integrate the resulting series term by term from S to 1, and that the series thus obtained will converge to the value of the integral of the product of x(x) an(^ ^ne function of which the series is a development multiplied by the function which appears as a factor of the series.
Since, from Lemma 5, the series whose general term is the third term of (41) is uniformly summable in the interval (42), we can multiply it by any finite and integrable function x(x) and integrate it term by term from S to 1, and the resulting series will be summable to the value of the integral of the product of X(x) and the function to which the series is summable.
Thus our theorem is proved. § 3. Value of the development.
The series (35) is usually given as the formal development of an arbitrary function in terms of Bessel functions, but there are cases in which this series, even if it is convergent or summable, will not have the desired value, an extra term being necessary in order that the development may represent the function developed.;}; However, in these cases the extra term appears naturally as part of the formal development if we keep in mind the method by which the formal development is commonly deduced.
In the problems of Mathematical Physics in which we wish to develop an arbitrary function in terms of certain normal functions, the latter functions appear as solutions of some ordinary differential equation.
In the case in which the normal functions are Bessel functions the differential equation is usually d2u 1 du ( .
)_ ^+xäx + (X2-x2h = 0 * The quantity S is any positive quantity less than 1. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where * is a constant = 0 and X is a real constant (which may obviously be taken = 0) to be determined in such a way that (97) has a solution, not identically zero, which remains finite when x = 0, and at the point x = 1 satisfies the condition (98) \_lu'(x) + hu(x)]x=x = 0
where I and h are given constants not both zero. If in (97) X 4= 0, the most general solution which remains finite at x = 0 is (99) u= CJv(Xx),
and in order that this should satisfy (98) it is necessary and sufficient that (100) IXJ'JX) + hJv(X) = 0. This is the equation for determining the values of X greater than zero which we have to use. When, however, X = 0, formula (99) no longer gives the general solution of (97) which remains finite when x = 0, this solution then being (101) • u=Cx".
The latter solution satisfies (98) when and only when (102) lv + h=0.
It is, therefore, only in this case that the value X = 0 needs to be considered at all.
In all other cases we develop our function in the form /(»)-Í¿M\")t n=l where X,, X2, • • • are the successive positive roots of (100), and the coefficients A are to be determined by the ordinary formulas. In the exceptional case (102) the X's greater than zero are still determined by (100), which now reduces to (103) -Ur+1(X) = 0 .* But we also have to use the value X = 0, and thus we are led to the development Here not only are VxJv(X{x) and i/xJ"(X.x) orthogonal to each other, i. e., I xJv(Xix)Jv(X.x)dx= 0, *Cf. for instance Byerly, loc. cit., p. 223, formula (6).
but x"+i is also orthogonal to each of the functions VxJv(Xnx), i. e., i x"+'Jv(Xnx)dx= 0.
I Jo
Accordingly here also the coefficients can be determined in the ordinary way. For instance, to get Ax we multiply (104) through by x"+1 and integrate term by term from 0 to 1, thus obtaining* £x^f(x)dx= Ax£x2^dx = gAg, u41 = (2*+2)jT1x*+y(x)< so that )dx
If then, in developing our arbitrary function, we use all of the normal functions that satisfy (97) and (98) we shall naturally have an extra term in the case in which (102) Hence, what appears to be an exceptional case is really not exceptional at all, save in regard to the notation ordinarily used for expressing the solutions of (97) in terms of Bessel functions.
Moreover, it is possible to adopt a notation which avoids the awkwardness of making a special case of the solution (101).
For, if we set (ios, *.<*..>-(ï)'£,^rï$Siru so that (105a) Jv(Xx) = X"Fv(X,x), then u= CFv(X,x) will be the most general solution of (97) which remains finite when x = 0, not only when X > 0 but also when X = 0, since in this last case it reduces to the form (101).
We now consider the series fxf(x)Fy(Xn,x)dx "
where X,, X2, X3, • ■ • are the roots, positive or zero, of the equation
* It is understood of course that we are using here merely the formal device ordinarily employed for finding the coefiScients of the development without entering into the question of whether or not we have a right to integrate the series term by term.
-f The positive roots of this equation are obviously identical with the positive roots of equation. (1), and henoe all that we have proved for the latter roots holds for the former ones.
arranged in increasing order of magnitude.
The equation (107) will have a zero root when and only when (102) is fulfilled, and thus the series (106) will give the formal development of the arbitrary function f(x) for all cases. This series will be identical with (35) except when (102) is fulfilled, and in that case will differ from it only in having an extra term.
Since, however, this term will be finite and continuous it will not affect the summability or uniform summability of (35) and all that we have proved in the previous section with regard to that series will hold in all essential respects with regard to the series (106).
Thus if we write the general term of (106) (109) cb
to be the function associated with the series (106), Theorem III holds without further change if we replace the series (35) by the series (106) in the statement of that theorem. Moreover tb(x) will have the value to which the series (106) is summable at every point at which f(x) is continuous.
We now wish to show that the series (106) is summable to the value
at every point of the interval 0 < x < 1 at which f(x) is continuous or at which it has a finite jump, provided the latter points lie within an interval at every other point of which f(x) is continuous. We will begin by proving some lemmas.
Lemma 6. Iff(x) is finite and integrable and eb(x) is the function associated with the series (106), we have It follows without difficulty from equations (105a) and (44) that at the upper limit the quantity in square brackets on the right hand side of (113) may be written +x(K)
At the lower limit it may be written X"+* ' if 8 lies in the interval 0<S<¿, *It is understood of course that the series on the right hand side of (112) is to be evaluated as a summable series, as we have yet no reason to suppose that it is convergent, t This last reduction follows from the formula F'A*,*) = -WK+i('X> x)+V-Fv{*,x).
€f. Byerly, loc. cit., p. 223, formula (6) .
where c is any positive constant < 1, since we have from ( Consequently, in view of (114) and (115) The second term on the right hand side of the above inequality is, in view of the first inequality in (23), the general term of a convergent series, and it follows from Lemma 4 that the same is true for the first term.
Hence the series on the right hand side of (112) converges uniformly for all values of 8 in the interval 0 = 8 < 1, and moreover it converges to the value of the integral on the left hand side for all values of 8 > 0, since it is summable to that value. Since the convergence is uniform, we may let the 8 of equation (112) approach zero. But in view of the fact that for the different values of Xk that enter, the functions VxFv(Xk, x) are orthogonal to each other, all the terms but one on the right hand side of (112) drop out, and our lemma is established. Trans. Am. Math. Soc. 88 Lemma 7. The function cb(x) associated with the series (106) does not become infinite to an order higher than x_i as we approach the point x = 0.
By definition the function cb(x) is equal to the sum of two functions that are finite and integrable in the interval (43) But by the same lemma this latter series is uniformly summable and its terms are continuous in the interval (43).
Hence it defines a continuous function in this interval, and consequently the series (116) defines a function that does not become infinite to an order higher than x~* when we approach the point x = 0.
Our lemma is therefore proved. (107) arranged in increasing order of magnitude, then x(x) ** zero a^ every point at which it is continuous. We know from some theorems due to Dini * that we can develop each of the functions (118) xsin&7rx ( and that the series will converge to the value of the function developed at every point of the interval 0 < x <C 1. We are going to show further that for the functions we are considering the developments will converge uniformly throughout the interval 0 = x = 1.
* Serie di Fourier, vol. 1, . Dini treats a very general class of functions of which the functions (118) are a special case.
t There is an error in DlNI's formulae for the special case in which \ =-0; he omits the factor Fy{\, x) from the first term of the series.
DEVELOPMENTS IN BESSEL FUNCTIONi. 427 we have from (124), (128) and (129) (131) f x2sinforx2^(X,x)avx=^^.
X
Combining (122), (123), (130), and (131) we obtain x2 sin k-rrxFr(X, x)dx = ^Vr-Since we know that the interval between two successive positive roots of equation (107) approaches it as a limit, it follows without difficulty that a positive constant J!2can be determined such that (133) Xn<Mn.
Combining (121), (132), and (133) Hence the series that we are discussing converge absolutely and uniformly in the interval 0 = x = 1.
Since the developments of the functions (118) in series of the form (119) converge uniformly in the interval 0 = x = 1, we have a right to multiply them by xx(x) and integrate them term by term from 0 to 1. Performing this operation we obtain in view of (117) Íx2 sin k-rrx x ( X ) dx = 0 (fc=l,2, 3, •■■).
Consequently, since any finite and integrable function whose Fourier's constants all vanish is zero at every point at which it is continuous,* it follows that x2x(x) and hence %(x) is zero at every point of the interval 0 = x = 1 at which it is continuous. (107) arranged in order of increasing magnitude, then the series (106) will be summable to the value (110) at every point of the interval 0 < x < 1 at which f(x) is continuous or at which it has a finite jump, provided the latter points lie in an interval at every other point of which f(x) is continuous ; and will be uniformly summable to the value f(x) in every closed interval lying in the interval 0 <x<l which does not include a point of discontinuity off(x). We have from equation (111) (
where eb(x) is a function that has the value of the series (106) at every point at which f(x) is continuous (see page 421). By hypothesis f(x) is finite and integrable in the interval 0 = x = 1. We know from the definition of eb(x) that cb(x) is finite and iutegrable in the interval 0 < 8 = x = 1 where 8 may be taken as small as we please.
Moreover, it follows from Lemma 7 that ef>(x) cannot become infinite at the point x = 0 to an order higher than x~*.
Hence eb(x) is finite in the interval 0 = x = 1 except in the neighborhood of the point x= 0, and x<b(x) is absolutely integrable from 0 to 1.
Consequently, in view of Theorem IV, it follows from equations (136) that (137) X(x) = <p(x)-/(x) = 0 at every point of the interval 0 = x = 1 at which it is continuous. Now we know from the definition of eb(x) that cb(x) is continuous at every point of the interval 0 < x < 1 at which f(x) is continuous. Hence it follows from equation (137) that at every point of the interval 0 < x < 1 at which f(x) is continuous the series (106) is summable to the value (110).* We consider next the points at whichy(x) has a finite jump and which lie in an interval at every other point of which f(x) is continuous. We know that at every interior point of that interval, except the point at which f(x) has a finite jump, the series (106) is summable to f(x).
Moreover, that series is the sum of a series that is uniformly summable and continuous in the neighborhood of n=l is zero at every point at which f(x) is continuous. However, since the series (a) definesa function that is continuous throughout the interval 0<iSl, it follows that it defines a function that is identically zero in that interval, so that <p (x ) =/(x ). that point plus two series that are essentially Fourier developments of functions having a finite jump at that point.
Hence the finite jump in the function defined by the sum of the two Fourier developments has the same magnitude as the finite jump in f(x).
However, it follows from Fejér's work that the Fourier developments are summable at a point at which the function they define has a finite jump, to a value half way between the limiting values of the function.
Consequently the series (106) is summable to the value (110) at the points which we are discussing.
That the series is uniformly summable to the value f(x) in every closed interval lying in the interval 0 < x < 1 which does not include a point of discontinuity off(x), is an immediate consequence of Theorem II and the fact that the series is summable to the valuey(x) at every point of such an interval. §4. Convergence factors and applications.
Theorem VI. If the series (138) ux(x) + u2(x) + u3(x)+ ■■■ is uniformly summable in the interval a = x = b and has the value f(x), then the series (139) ux ( [October where u and * are any two integers, vx, v2,v3, • ■ •, are the convergence factors, A2vn represents their second differences, and 2T is a positive constant. That the functions (141) satisfy (ß) and (7) is at once obvious.
It only remains to examine (a).
In order to establish this latter condition we will prove that the second differences of the functions (141) satisfy the inequalities* (142) |A2e-A»a| <Fa2 + -^ (0<»a<c; n = l, 2, 3, • • ■ ),
|A2e-^¡<^-(a>0;n = l,2, 3, ■■■).
It will then follow without difficulty that (a) holds.-jLet (144) X ,. -X = 7 , X ,, -X ,. = 7 ,,.
Then by Theorem I F F F k-"ï<^.
i^-7ri<(írfTy2<^2' and hence
2F
(145) |Tn+1-7j = !(7"+1-T)-(7"-7r)| = |7"+1-^| + |7re-^|<^2--But we have (146) e"*«" -2e-(A"+v»>"' 4 e-(^+^<¿» = eHfc.+«r*fc^a2 (0<0,<2), and since, in view of (144), <yn has an upper limit, we obtain (147) e-A»a -2e-(A»+->'»>» 4 e-(A»+2*> < Fa2, where F is a positive constant. We have furthermore from the Law of the Mean (148) e-A»+2a -e-<A"+2v»)a = -e-[A»+2T"1+92(T-+1-ï")a] ( 7n+1 -7" ) a ( I <?, I< 1 ), from which we obtain with the aid of (145) . , , 2Fa Ma (149) I e-w -e-(A»+^ I < -^ = -, where M is a positive constant.
*It may be noted that the inequalities (142) and (143) are analogous to conditions (d) and (e) in a theorem on convergence factors proved by the writer (these Transactions, vol. 8 (1907) , p. 300), which is a special case of Bromwich's theorem. The necessity for distinguishing between the differences where na 5= e and na > c often arises in the consideration of convergence factors that occur in practice.
t The proof of this fact in the present case is analogous to the proof in the case where conditions (d) and (e) of the theorem mentioned in the previous footnote hold.
This latter proof is given on pp. 353 and 354 of Bromwich's article referred to above.
Finally from (147) and (149) and hence the inequality (142) is satisfied.
We obtain from (146), (148), and (145) I g-K<* _ 2e-*"+•" -I-e_A"+2a | Si g-(^n+^iyJ« fy2 a2 _L ! g-[*»+2Y»+*2(l'n+l-y»)]a ( ry _ iy \ ß I 272(x2 _22^_ 2tj 2F
<(\+ ^7")3«3 + n2 [X" + 27" 4 e,(7,+l -7")]2*2 < K~* + n^Xjcz 2yl 2F Since, moreover, the terms of (160) are continuous functions of r and z for all values of r and z, it follows that the series defines a continuous function of r and z throughout the region (161), and therefore, since z0 is any constant greater than zero, throughout the region /0 SirSilX <162> ( .>o )
In similar fashion it may be shown that the function defined by (160) satisfies conditions (154) and (156).
It only remains to consider the behavior of the function as we approach the line 2=0 from the positive side. We know from Theorem V that if f(r) is a function that is finite and integrable in the interval 0 Si r = 1, then the series (163) AxF,(\,r) + A2F,(X2,r) + ...,
where the ^4's and X's are those of the series (160), will be uniformly summable to the value of f(r) throughout every interval that lies within a larger interval in which f(r) is continuous. It follows then from Theorem VIIf that, as z approaches zero through positive values, the function defined by (160) will approach the value f(r) uniformly throughout any r-interval lying in a larger interval in which f(r) is continuous. Consequently, if r is any interior point of an interval in which f(r) is continuous, the function defined by (160) approaches the value f(r') as we approach the point (r = f, z = 0) along any path lying in the region (155).
We now wish to examine the behavior of the function defined by (160) when we approach a point that is not an interior point of an interval of continuity of f(r).
If we define S (r) for the series (163) in the same way that Sn(x) was defined in (34) for a corresponding series, we may, for values of z > 0, write the series (160) in the form J (164) inSn(r)[e-aW2e-"x'™* 4 e-a^z].
* If J, = 0we must take the ( n + 1 )st term as the general term instead of the nth term in order that this inequality may hold.
t In this theorem we did not consider the possibility of \ being equal to zero. However, this is an unessential point, as the behavior of a finite number of convergence factors at the beginning of the series does not matter, provided they approach 1 as the parameter of which they are functions approaches zero.
JCf. equation (7) of the writer's article in these Transactions referred to on page 430. is finite and integrable in the interval 0 = r = 1, the series (167) will converge for z > 0 to a continuous function of r and z that satisfies (166) and (156) , and approaches the proper boundary value when we approach a point on the line z = 0 that lies within an interval of continuity of f(r). Furthermore the series (167) remains finite when we approach any point on the line z = 0 that lies in the interval 0<c = r = l.
The proof of the above facts is analogous to the proof in the previous problem, except that we use Theorem VI instead of Theorem VII.
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